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l. INTRODUCTION
The P- Laplacian operator arises in different mathematical models that describe physicaland natural
phenomena (see, for example, [1-]).
In this paper, we present some Lyapunov-type inequalities for a fractional (- difference equation with
P- Laplacian operator. More precisely, we are interested
with the nonlinear fractional boundary value problem

D/, (@, (Dz, u(t)))+ 2()@,u(t)=0, a<t<b
u(a)=Dyu(a)=Dyu(b)=0, D u(a)=D; u(b)=0

(1)

where2 <« ¢ <3, 1< PB<2, D:a+ ) D£a+ arethe Riemann-Liouville fractional - deriva-

. p-2 . . .

tives oforderscz, 8, @ (s)=|s|" ~s,p>1and y:[a,b] - | isa continuous function.

Under certain assumptions imposed on the function g, we obtain necessary conditions for the existence of
nontrivial solutions to (1.1) . Some applications to eigenvalue problems are also presented.

For completeness, let us recall the standard Lyapunov inequality [5], which states
thatifu is a nontrivial solution of the problem

{u"(t)+;((t)u(t):0, a<t<b
u(a)=u(bh)=0,

where & < b are two consecutive zeros of U , and X [a, b] —> | isacontinuous function,then

b 4
t)dt >—— (1.2
[olr(Ope> = (12)
Note that in order to obtain this inequality, it is supposed that @ and b are twoconsecu-

tivezeros of U . In our case, as it will be observed in the proof of our main result, we assumejust thatU is a
nontrivial solution to (1.1) :

Inequality (1.2) is useful in various applications, including oscillation theory, stabilitycriteria for
periodic differential equations, and estimates for intervals of disconjugacy.
Several generalizations and extensions of inequality (1.2) to different boundary valueproblems exist in the

literature. As examples, we refer to [6-8] and the referencestherein.
Some Lyapunov-type inequalities for fractional boundary value problems have

been obtained. Ferreira [14] established a fractional version of inequality (1.2) for a fractionalboundary value
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problem involving the Riemann-Liouville fractional derivative oforderl < a <2 . More precisely, Ferreira [9]
studied the fractional boun-
dary value problem

DI (t)+x(t)u(t)=0, a<t<b
{u(a) —u(b)=0, (13)

where D*

a5 the Riemann-Liouville fractional derivative of order 1<« <2, and ;(:[a,b]—n is a

continuous function. In this case, it was proved that if(1.3) has a nontrivialsolution, then

Fleper@(g4 )

a
where I is the Euler gamma function. Observe that if we take @ = 2 in the last inequal-
ity, we obtain the standard Lyapunov inequality (1.2) .

Recently, in [10], authors research Lyapunov-type inequalities for a fractional P- Laplacian equation.
For other related results, we refer to [11], [12] and the references therein.
The paper is organized as follows. In Section 2, we recall some basic concepts on fractional - calculus and

establish some preliminary results that will be used in Section 3, where we state and prove our main result. In
Section 4, we present some applications of the obtained Lyapunov-type inequalities to eigenvalue problems.

. PRELIMINARIES
For the convenience of the reader, we recall some basic concepts on fractional (- calculus tomake easy

the analysis of (1.1) . For more details, we refer to [13].
LetC[a,b] be the set of real-valued and continuous functions in[a,b]. Let f € C[a,b].Leta >0. The

Riemann-Liouville fractional J- integral of order & of f is defined by Ig‘af =fand
p _ 1 (1)
(quf f )(t) (@) L(t—qs) f(s)d,s, a>0tela,b],

where rq is the (- gamma function.
The Q- derivative is defined by

(qu)(t):M (t=0), (D, f)(0)-lim(D,f)(t)

t— qt x—0

The Riemann-Liouville fractional (- derivative of order & > 0 of f is defined by
a _ npn-a
(D7, f)(O)=(Dirsf)(t), te[ab]
wheren = [a]+1.

Lemma2.1[13] Let @ >0.If D:a+U GC[&b], then

1“ D¢ u(t)- u(t)+gki (t-a)“”
where N = [a]+1.
Now, in order to obtain an integral formulation of (1.1) , we need the following results.
Lemma22let2<a <3, and YeC [a, b] .Then the problem
D:a+u(t)+ y(t)=0, a<t<b,
u(a)=D,u(a)=D,u(b)=0,

has a unigue solution

Www.ijpera.com 24 | Page



Lyapunov-Type Inequalities For A Fractional (- Difference Equati..

u(t)= [ G(t,s)y(s)dys

(a-2)
where . (t;_ C;Sj (t . a)(a—l) —(t _ qs)(a—l) L a<gs<t< b
= @ (boge
9 ( q j (t_a)(“*l)’ ast<gs<b
b-a

ProofFrom Lemma2.1. we have
U(t)=—(17,¥)(0)+k (=) +k, (t-a) " 4 kg (t-2) .
for some real constants K. ,i =1, 2,3, and the conditionU (@) = 0 yields k, =0 . Therefore,
a- (a-2) (a-3)
Du(t)=-(152y)(t) +k [ -1], (t-a) ™ +h,[@-2], (t-a)“™.
The condition D,u (@) = 0 implies thatk, = 0. Since D,u (b) = 0, we get
1

= "(b-gs)“? y(s)d.s.
T OO

t(L—0dS (=) S b —(ds (o=2) a-1
o(0) [ g oo [ (BB e (s

Iy(a)
For the uniqueness, suppose that U, and U, are two solutions of the considered problem.

Thus,

DefineU = U, —U, . By linearity, u solves the boundary value problem
D;,.u(t)=0, a<t<b,

{u(a) =D,u(a)=D,u(h)=0,

which has as a unique solutionU = 0 . Therefore, U, = U, ,and the uniqueness follows.

1 1
Lemma23LetyeC [a,b] 2<a<3,1<p<2, p >1andE+E =1. Then the problem

D/, (®,(D;, u(t)]+y(t)=0. a<t<b
u(a)=D,u(a)=Dyu(h)=0, D:yu(a) = D;fu(b) =0
has a unique solution

u(t) ==, 6 (t.s) 0, ([ H (5:7)¥(r)dr s,

(51
where , (bt)_?:] (t-a)" " —(t-gs)”?, a<gs<t<h,
H(t,s):F IR 1
g (b ij (t-a)”?, as<t<gs<h,

ProofFrom Lemma2.1 and Lemma2.2.we have

(t—as (B-1) b( b —as (8-1) 51
D, (D:a+u(t)) :_L% y(s)dqs+rq zﬁ) L [Z_C; ] (t—a)( ) y(s)d,s,
that is,

@, (D7, u(t))=[ H(t:s)y(s)dgs.

Then we have
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D¢, u(t)-®, (j" H(t,5)y(s)d,s) =0,

Setting §t)= -, (I: H(t,s) y(s)qu),

we obtain

{D(‘:a+u(t)+ #t)=0, a<t<b,
u(a)=D,u(a)=D,u(h)=0.

Finally, applying Lemma2.2, we obtain the desired result.
The following estimates will be useful later.
Lemma 2.4 We have

0<G(t,5)<G(b,s), (t,5)e[ab]x[a,b].
Proof Q- differentiating with respect tot , we obtain

@)
B R R

b-a
DG(t,s)=——
' («-1 _as \@?
ol )(b qu (t-a)“?, ast<gs<b.
b-a
Set NG
gl(t,s)z(i_cfj (t-a)“® —(t-gs)"?, a<gs<t<b
and Cae\(@2)
g,(t, )—(k;) qu (t—a)(a ? a<t<gs<b
-a
Clearly

g,(t,;s)>0, a<t<gs<h.
On the other hand, using the inequality
tb>asq-q*"*?, a<gs<t<b, ne¥, a>2 qe(01)
we obtain
9,(t,s)>0, a<gs<t<h.
As consequence, we have
G(t,s)=0, (t,s)e[ab]x[ab]
ThenG (g S) is a nondecreasing function for all S € [a, b] » which yields
0=G(a,s)<G(t,5)<G(b,s), (t,s)e[ab]x[a,b].

The proof is complete.
Lemma 2.5 We have

0<H(t,s)<H(s,s), (t;s)e[ab]x[ab].

ProofObserve that H (t,5) = \D,G (t,s) for @ = B+1. Then, from the proof ofLemma?2.4 wehave
H(t,s)>0, (t,s)e[a,b]x[a,b].

On the other hand, for all S € [a, b] » we have

r,(A)H (s,s):[i—_(fjw l)(s—a)(ﬂ—l)

Fora<t <(s <D, we have
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I, (B)H (ts) =(i“fj(ﬂl) (t—a)* < (b—QSj(ﬂl) (s—a)"? =T, (B)H (s.5).

b-a

Fora<gs <t <b, we have

Ty (B)H(ts)= (2)_ ® j(ﬂl) (t- a)(ﬁ_l) —(t- qs)(ﬁ_l)

—a

Let S [a,b) be fixed.Define the function¥ :(S,b] =i by

w(t)=T,(B)H (t.s), te(sb]

We have

thw<t>=[ﬁ—1]q[(i‘_f)(ﬁ”(t—a)”‘”—<t—qs><”>], te(sb].

Using the inequalities

(5
(b_qu <1, p-2<0, (t-a)"? <(t-gs)"”?,

b-a
we get
Dy (t)<0, te(s,b].
Thus, for allt €[@,b), we have
v (t)<w(s),
that is,

L (B)H(t,s)<T,(B)H(s,s), te(s,b].
The proof is complete.
Now, we are ready to state and prove our main result.

1. MAIN RESULT
Our main result is the following Lyapunov-type inequality.

Theorem 3.1Suppose that2 < ¢ <3, 1< <2, p>1 and y : [a, b] — | isa continuousfunction. If (1-1)
has a nontrivial continuous solution, then

I:(b —qgs)”?(s—a)”? |7 (s)|dgs

_ ) W 1p
2Ty (B)[To(@)]” (b-a)"" [\ (b-05) " (as-a)d,s) . (3:)
ProofWe endow the setC[@,b] with the Chebyshev norm|d| given by
Jull, = max{ju(t):a<t<b}, ueC[ab].

Suppose thatu e C [a,b] is a nontrivial solution of (1.1) From Lemma2.3we have

u(t)=—j:G(t,S)(Dg(I:H(S,f);{(f)d)p(u(r))dqr)dqs, tefa,b].
u(<[’ G(t,s)”EH (5.0)2(7)®, (u(z))d,z

Lett € [a,b] be fixed.We have

<[|6(ts)6(s)d,s.

Mo (s)=|[CH (s o) |2 (o) lu (o) dyr

Using Lemma2.4and Lemmaz2.5, we obtain

g-1

se[a,b].
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HON T (IbG (b’s)dqs)(j: H (S,S)|z(s)|dq8)g_l

Since the last inequality holds for everyt € [a, b] , We obtain

1< (I:G (b, s)dqs)(_[: H (s, s)|;((s)|dqs)gl ,

which yields the desired result.
Corollary3.2 Suppose that2 < ¢ <3, 1< <2, p>Land y :[a,b] > | isa continu-

ousfunction. If (1-1) has a nontrivial continuous solution, then

r (a)]" T, (8)(a"+1)"" -
<Eﬁ1E<£aq)+(aq)ﬁ(?(1-q>))’3”(J (b-a)" (e -)ds] (32

[[]7(s)|d,s>

ProofLet

w(s)=(b—gs)””(s—a)”?, se[ab].

We have
3 s-2( Q°S a
5 1] (bs) [ b ’ql(s qu b sq

Z a 5, . 0% .
o) (o) [ e

Observe that the function i has a maximum at the point Dy (S) =0, that is,

- (#-1)
b+ag’™ _9""(b-a) b— pi(q_ A
_brad’n ooy, = - aq)+aq’*(1-q))" .
a(g”"+1) ol (9"t +1)"" ((b-2a) (1-a))

The desired result follows immediately from the last equality and inequality (3-1) .

Dy (s)=

For p =2, problem(1.1) becomes

D/, (D7, u(t))+ z()u(t)=0, a<t<b, .
3.3
u(a)=D,u(a)=Dyu(b)=0, DI u(a)=D: u(b)=0,
where2<a <3, 1< <2, p>Landy: [a,b] — | isa continuousfunction. In this case, taking p =2, in
Theorem3.1, we obtain the following result.

Corollary3.3 Suppose that2 < @ <3, 1< <2, p>L and y: [a, b] — | is a continuousfunction. If(3-3)
has a nontrivial continuous solution, then

I:(b —gs)”?(s—a)”? |7 (s)|dgs
1

1) [ b a
2Ty (B)T (@) (b-a)" ([ (b-05)" " (as-a)ds) -
Taking p =2, in Corollary3.2, we obtain the following result.
Corollary3.4 Suppose that2 < ¢ <3, 1< <2, p>Land y :[a,b] > | isacontinu-
ousfunction. If (3-3) has a nontrivial continuous solution, then
» 232
()T (A)(@"+1) . R
([ (0-05) " (as-a)d,s)
o"*((b-aq)+aq”" (1-q))

[77(s)|d,s >
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1IV.  APPLICATIONS TO EIGENVALUE PROBLEMS
In this section, we present some applications of the obtained results to eigenvalue problems.

Corollary4.1 Let A be an eigenvalue of the problem
D/, (@, (Df,u(t)))+ 20,u(t) =0, 0<t<1, s
u(0)=Du(0)=Du(1)=0, DI u(0)=D? u(1)=0,
where 2<a <3,1< <2 and p>1, then
(p-1)
o A (@r @)™,
Fq (ﬂ) 1—‘q (0[ _1)

ProofLet 4 be an eigenvalue of (4.1) . Then there exists a nontrivial solutionU =U, to (4.1) .Using

Theorem3.1 with(@,b) = (0,1)and y (s) =4, we obtain

1 _ » - 1 ae
[, a-as) " s P02 T (BT ()] ([jas(a-05)" " a5)
Observe that

Jo(1-as)" sV, =8, (.5)

and
J':qs(l— as)“ " d,s = qj':s“ (1-gs)“ " d,s=qB, (2,2 -1),

where B is the beta function defined by

1-p

Bq(s,t)=J':u(s‘1)(1—qu)(t_l)dqu, 5,1> 0,
Using the identity

r I, (t
NLAOLAD

L (s+t)

we get the desired result.
Corollary4.2 Let A be an eigenvalue of the problem

D/, (Dsyu(t))+Au(t)=0, O<t<l,

q.0" \ Tq.,0"
u(0)=D,u(0)=D,u(1)=0, D:a+u(0) = D:a+u(1) =0,
where 2<a <3,1< <2 and p>1, then
RGN CEE INCT S
Lo (a-1)T(8)
Prooflt follows from inequality(4.2) by taking p=2.
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