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I. INTRODUCTION 
The Laplacian operator arises in different mathematical models that describe physicaland natural 

phenomena (see, for example, [1-]). 

In this paper, we present some Lyapunov-type inequalities for a fractional -q difference equation with

Laplacian operator. More precisely, we are interested  

with the nonlinear fractional boundary value problem 

 

where arethe Riemann-Liouville fractional -q deriva- 

tives oforders and is a continuous function.  

Under certain assumptions imposed on the function , we obtain necessary conditions for the existence of 

nontrivial solutions to . Some applications to eigenvalue problems are also presented. 

  For completeness, let us recall the standard Lyapunov inequality [5], which states  

thatif is a nontrivial solution of the problem 

 

where are two consecutive zeros of , and is a continuous function,then 

 

Note that in order to obtain this inequality, it is supposed that and are twoconsecu- 

tivezeros of . In our case, as it will be observed in the proof of our main result, we assumejust that is a 

nontrivial solution to . 

Inequality is useful in various applications, including oscillation theory, stabilitycriteria for 

periodic differential equations, and estimates for intervals of disconjugacy. 

Several generalizations and extensions of inequality to different boundary valueproblems exist in the 

literature. As examples, we refer to [6-8] and the referencestherein. 

Some Lyapunov-type inequalities for fractional boundary value problems have 

been obtained. Ferreira [14] established a fractional version of inequality for a fractionalboundary value 
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problem involving the Riemann-Liouville fractional derivative oforder . More precisely, Ferreira [9] 

studied the fractional boun- 

dary value problem 

 

where is the Riemann-Liouville fractional derivative of order , and is a 

continuous function. In this case, it was proved that if has a nontrivialsolution, then 

 
where is the Euler gamma function. Observe that if we take in the last inequal- 

ity, we obtain the standard Lyapunov inequality . 

Recently, in [10], authors research Lyapunov-type inequalities for a fractional Laplacian equation. 

For other related results, we refer to [11], [12] and the references therein. 

The paper is organized as follows. In Section 2, we recall some basic concepts on fractional -q calculus and 

establish some preliminary results that will be used in Section 3, where we state and prove our main result. In 

Section 4, we present some applications of the obtained Lyapunov-type inequalities to eigenvalue problems. 

 

II. PRELIMINARIES 
For the convenience of the reader, we recall some basic concepts on fractional -q calculus tomake easy 

the analysis of . For more details, we refer to [13]. 

Let be the set of real-valued and continuous functions in . Let .Let . The 

Riemann-Liouville fractional -q integral of order of is defined by and 

 

where is the -q gamma function. 

The -q derivative is defined by 

 

The Riemann-Liouville fractional -q derivative of order of is defined by 

 

where . 

Lemma 2.1[13] Let . If  then 

 

where . 

Now, in order to obtain an integral formulation of , we need the following results. 

Lemma 2.2 Let  and .Then the problem 

 
has a unique solution 
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where

 
ProofFrom Lemma2.1. we have 

 

for some real constants and the condition yields . Therefore, 

 

The condition implies that . Since , we get 

 

Thus,

 

For the uniqueness, suppose that and are two solutions of the considered problem. 

Define . By linearity, u solves the boundary value problem 

 

which has as a unique solution . Therefore, ,and the uniqueness follows. 

Lemma 2.3 Let , and Then the problem 

 
has a unique solution 

 

where

 
ProofFrom Lemma2.1 and Lemma2.2.we have 

 
that is,

 
Then we have 

     ,
b

q
a

u t G t s y s d s 

 
 

 

 
 

 
 

 

 
 

2
1 1

2
1

,
1

,

,
q

b qs
t a t qs a qs t b

b a
G t s

b qs
t a a t qs b

b a


 







 




  
      

 
 
  

      

       
 

 
 

 
 1 2 3

1 2 3,
.

q a
u t I y t k t a k t a k t a

  


  
       

, 1,2,3,ik i    0u a 
3 0k 

         
 

   
 2 31

1 2,
1 2 .q q qq a

D u t I y t k t a k t a
   

        

  0qD u a  2 0k    0qD u b 

   
   

 
 

2

1 2

1
.

b

q
a

q

k b qs y s d s
b a









 
 



 
 

 
 

   

 

 
 

 
1 2

11
.

t b

q q
a a

q q

t qs y s b qs
u t d s t a y s d s

b a

 


 

 
  

    
   

 

1u 2u

1 2u u u 

 

     

,
0, ,

0,

q a

q q

D u t a t b

u a D u a D u b


   


  

0u 
1 2u u

 ,y C a b 2 3,  1 2,  1p 
1 1

1.
p g
 

     

         

, ,

, ,

0,

0, 0

pq a q a

q q q a q a

D D u t y t a t b

u a D u a D u b D u a D u b

 

 

 

 

     


    


        , , ,
b b

g q q
a a

u t G t s H s y d d s     

 
 

 

 
 

 
 

 

 
 

1
1 1

1
1

, ,
1

,

, ,
q

b qs
t a t qs a qs t b

b a
H t s

b qs
t a a t qs b

b a


 







 




  
      

 
 
  

      

    
 

 
 

 

 

 
 

 
1 1

1

,

1
,

t b

p q qq a a a
q q

t qs b qs
D u t y s d s t a y s d s

b a

 


 


 
  

     
   

 

      
,

, .
b

p qq a a
D u t H t s y s d s

  



Lyapunov-Type Inequalities For A Fractional -q Difference Equati.. 

www.ijpera.com                                        26 | Page 

 
Setting

 
we obtain 

 
Finally, applying Lemma2.2, we obtain the desired result. 

The following estimates will be useful later. 

Lemma 2.4 We have 

 
Proof -q differentiating with respect to , we obtain 

 
Set

 
and

 
Clearly

 
On the other hand, using the inequality 

 
we obtain 

 
As consequence, we have 

 

Then is a nondecreasing function for all which yields 

 
The proof is complete. 

Lemma 2.5 We have 

 

ProofObserve that for . Then, from the proof ofLemma2.4 wehave 

 

On the other hand, for all we have 

 
For we have 
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For we have 

 

Let be fixed.Define the function by 

 
We have 

 
Using the inequalities 

  
we get 

 

Thus, for all we have 

 
that is, 

 
The proof is complete.  

Now, we are ready to state and prove our main result. 

 

III. MAIN RESULT 
Our main result is the following Lyapunov-type inequality. 

Theorem 3.1Suppose that and is a continuousfunction. If 

has a nontrivial continuous solution, then 

 

 

ProofWe endow the set with the Chebyshev norm given by 

 

Suppose that is a nontrivial solution of
.
 From Lemma2.3we have 

 

Let be fixed.We have

 

Where

 
Using Lemma2.4and Lemma2.5, we obtain 
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Since the last inequality holds for every , we obtain 

 
which yields the desired result. 

Corollary3.2 Suppose that and is a continu- 

ousfunction. If has a nontrivial continuous solution, then 

 
ProofLet 

 
We have 

 

Observe that the function has a maximum at the point that is, 

So

 

The desired result follows immediately from the last equality and inequality . 

For problem becomes 

 

where and is a continuousfunction. In this case, taking in 

Theorem3.1, we obtain the following result. 

Corollary3.3 Suppose that and is a continuousfunction. If

has a nontrivial continuous solution, then 

 

 
Taking in Corollary3.2, we obtain the following result. 

Corollary3.4 Suppose that and is acontinu- 

ousfunction. If has a nontrivial continuous solution, then 
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IV. APPLICATIONS TO EIGENVALUE PROBLEMS 
In this section, we present some applications of the obtained results to eigenvalue problems. 

Corollary4.1 Let be an eigenvalue of the problem 

 
where and then 

 

ProofLet be an eigenvalue of . Then there exists a nontrivial solution to .Using 

Theorem3.1 with and , we obtain 

 
Observe that 

 
and

 

where is the beta function defined by 

 
Using the identity 

 
we get the desired result. 

Corollary4.2 Let be an eigenvalue of the problem 

 
where and then 

 

ProofIt follows from inequality  by taking . 
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